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2where e is the gauge coupling. This monopole corre-
sponds to the left-handed quark doublet in the dual stan-
dard model [3].
We would like to nd all spherically symmetric solu-
tions corresponding to monopoles with charge Q given
in eq. (3). The key idea of the WG recipe is to start
by working in the singular Abelian gauge - the gauge in
which monopoles are point objects. In this gauge  is
xed,  = 
0
, and the gauge elds are those of a Dirac
monopole. It is relatively straightforward to write down
all possible point-monopole solutions given the symme-
tries of the system. WG then prescribe how to construct
a gauge transformation that would transform each of
these point-monopoles into spherically symmetric nite-
energy monopole solutions.
As described by WG [5], though changing the sequence









] = 0 ; a = 1; 2; 3: (5)
The choice of I
a
xes the third generator, T
3
, of the













] = 0. Once T
3



























)=2i. Note that if T
3
has degenerate
eigenvalues, there can be several choices for the T

. The





























. On the other hand, the asymptotic




































: Note that where I
a
is written with-





Finally, we need to introduce prole functions to get
the radial dependence of the elds [5]. This leads to the
following ansatz for the scalar eld along the z axis:















































diag(0; 0; 0; 
3





diag(2; 2; 2; 3; 3) :
The magnetic eld is given in terms of complex func-
tions, v
ij
(r), i; j = 1; :::; 5 but only four of them will be
non-zero: the function v
lk
is non-trivial only if there is













































































will be non-trivial, depending on









; 0; 0; 0)=2. The for-
mer choice gives the conventional monopole [8, 9], while
it turns out that the latter can lead to new monopoles
solutions in addition to the conventional one. With
I = diag(+; 0; 0; 0)=2, the four non-trivial gauge pro-









the 4 dierent non-zero entries in the two possible con-
structions of T
+
. We will write the equations of motion
only for this choice of I.
Inserting the ansatz for the elds into the energy func-
tional and then extremizing, leads to the equations of





















































































































































































































where primes denote derivatives with respect to r, U
i
are derivatives of the potential that we will not explicitly






). In the above equations
we have already chosen the phases, 
ij
, of the complex
functions v
ij
such that the energy is minimized. These









= , resulting in the minus sign in front of the last
term in the equations for the v
ij
's.
The boundary conditions on the Higgs eld at r = 1
are determined by requiring that  = 
0
asymptotically
and those on the gauge eld by requiring that eq. (12)
goes over into eq. (9) at innity. Then,
v
12















(1) = 0 ; h
0
4
(1) =  :
The boundary conditions on the Higgs eld at the origin
are determined by requiring non-singular behavior:
h
i
(0) = 0 ; i = 1; 2; 3; 4 ; (15)
and the functions v
ij
at the origin are as yet unspecied.
This is where we encounter the freedom that ultimately
leads to three dierent monopole solutions. As this is the
crucial new twist in the recipe, we describe it in some
detail.





; 0; 0; 0)=2 then T
3
= diag(1; 1; 1; 1; 0)=2. This
leads to two possible choices for T

. The rst is when
T
+
is non-trivial in the 1-2 and 3-4 blocks. The second
choice is when T
+
is non-trivial in the 1-4 and 3-2 blocks.
Requiring that the gauge eld in eq. (12) be non-singular
at the origin xes the values of functions v
ij
at r = 0.
Then, for the case where T
+
is in the 1-2 and 3-4 blocks
we have the boundary conditions:
v
12









is chosen in the 1-4 and 3-2 blocks:
v
14




(0) = 0 = v
34
(0) : (17)




; 0; 0; 0)=2
and then T
3
= diag( 1; 1; 1; 1; 0)=2. This leads to T
+
lying either in the 3-1 and 2-4 blocks, or in the 2-1 and









[5]. The second choice for
T
+
can be shown to lead to a solution that has scalar
and magnetic elds that are identical to those in the rst
case (eq. (16)). The boundary conditions on the prole
functions for the rst choice are determined by requiring
that the gauge eld remain non-singular at the origin:
v
31




(0) = 0 = v
34
(0) : (18)
In addition, the boundary conditions at innity are
v
21
(1) = 1 and v
ij
(1) = 0 for all (i; j) 6= (2; 1). This is
the third possible monopole solution.
Now our system is complete { we have the dierential
equations and the boundary conditions. We solve the
equations numerically with the various boundary condi-
tions. The rst case (eq. (16)) leads to the conventional
magnetic monopole which is also discussed in Refs. [8, 9]
(The conventional monopole is usually constructed by
setting I
3
= 0 and repeating the above procedure). The
second and third set of boundary conditions give rise to














(r) for e = 1,  = 0:1,
h= =  0:2 and  = 1 (see Eq. (14) for denitions). The









(long dash). The function v
34
is not identically
zero but vanishes in the limit of an innite lattice size. The














their boundary values linearly.
two new solutions. The prole functions for the second
case are shown in Fig. 1. The third monopole solution
can be obtained from the second by switching the 1 and
2 rows and columns of the elds and simply amounts
to re-labeling the prole functions. Note that, while the
conventional monopole obtained using the boundary con-
ditions given in eq. (16) is the same as the one obtained
by choosing I
3
= 0, there will be a dierence between the
two if one breaks the
~
SU (3) symmetry. This will become













= 0, the gauge prole





(0) = 1 with the rest of v
ij
vanishing at r = 0.
The plot in Fig. 1 shows some unusual features. While
most of the prole functions show \good" asymptotic be-





ary values linearly. This behavior can be conrmed by
analytically expanding the equations of motion. It is also





pearing on the right-hand sides of the equations of mo-




correspond to massless gauge degrees of freedom.
The energy of the solution approaches the energy of the
conventional monopole as the lattice gets bigger.
We now interpret this rather peculiar situation follow-
ing the discussion of BPS magnetic monopoles in the
presence of unbroken non-Abelian symmetries by Wein-
4berg and collaborators [6, 7]. The idea is to consider
the case of maximal symmetry breaking rst and then to
decrease the VEVs such that, in the limit of zero VEV,
the original non-Abelian symmetry is restored. In our
case, we only need to consider the breaking of the
~
SU (3)








. In the numerical
implementation described above, the symmetry breaking





Working, for simplicity, in the BPS limit (i.e. V () = 0),




r in the asymptotic region. When

1

























is tuned to zero, we obtain the symmetry break-
ing pattern in eq. (1). Now the equations of motion are
solved again with the appropriate boundary conditions.
Just as we might expect, with 
1
6= 0, all the three
monopoles are well-localized and have dierent masses.







magnetic charge of the solution is zero




diag(0; 0; 1; 1; 0) : (20)
The topological charge for the monopole in the second









diag( 1; 1; 0; 0; 0) ; (21)








monopole which only condenses when
~
SU (3) is broken.



















spread, ultimately lling all space and becoming a
\cloud". As in the BPS analysis [7], the energy asso-
ciated with the cloud goes to zero when we extrapolate
to an innite lattice. With 
1
= 0, we can explicitly
check that monopoles 2 and 3 are gauge equivalent. The
gauge equivalence of monopoles 1 and 2 (and, 1 and 3)
is more delicate since the cloud, which is the cause of
gauge inequivalence on a nite lattice, gets pushed to in-
nity in the innite lattice limit. The two solutions are
equivalent but only under large gauge transformations.
As described below, this delicate behavior is not relevant




Therefore, we have in hand a total of 3 (3 2) = 18
gauge equivalent fundamental monopole solutions in the
symmetry breaking in eq. (1). The 3  2 factor is due
to the 3 permutations of the 
8
and the 2 permutations
of 
3
, and the factor of 3 refers to the three solutions de-
scribed above. Classically there is no distinction between
these solutions. However, in a dual quantum theory the
3  2 = 6 solutions are believed to correspond [10] to 3
color (SU (3)
c
) and 2 isospin (SU (2)
L
) degrees of free-
dom [3]. The remaining factor of 3 suggests that there
is a 3-fold replication of degrees of freedom in the quan-




In the context of the dual standard model, the in-
terpretation of the 3 solutions is clear. The reason is
that color connement in the dual standard model is ob-






. Then the col-




strings in color sin-
glet objects. However, the three solutions are manifestly
distinct when
~
SU (3) is broken, since then they have dif-
ferent masses. Hence they necessarily represent distinct
particles in the dual (electric) theory.
Higher winding monopoles are built by combining fun-
damental monopoles and so we expect them to be repli-
cated as well. It would be very interesting to see if
the entire monopole spectrum is exactly triplicated. If
there are indeed three families of monopole solutions, it
would complete the tantalizing correspondence between
the magnetic charge spectrum of
~
SU (5) monopoles and
the electric charge spectrum of observed particles [3].
TV is grateful to Fred Goldhaber and Erick Weinberg
for useful discussions. DS is grateful to the Swiss Foun-
dation Ernst et Lucie Schmidheiny for travel support and
to Case Western Reserve University for hospitality. This
collaboration was in part possible due to support by the
ESF COSLAB network. LP was supported by PPARC
and TV by DOE.
[1] T. Vachaspati, Phys. Rev. D63, 105010 (2001).
[2] L. Pogosian and T. Vachaspati, Phys. Rev. D64, 105023
(2001).
[3] T. Vachaspati, Phys. Rev. Lett. 76, 188 (1996); H. Liu
and T. Vachaspati, Phys. Rev. D56, 1300 (1997).
[4] H. Liu, G.D. Starkman and T. Vachaspati, Phys. Rev.
Lett. 78, 1223 (1997).
[5] D. Wilkinson and A.S. Goldhaber, Phys. Rev.D16, 1221
(1977).
[6] E.J. Weinberg, Nucl. Phys. B203, 445 (1982).
[7] K. Lee, E.J. Weinberg and P. Yi, Phys. Rev. D54, 6351
(1996).
[8] C.P. Dokos and T.N. Tomaras, Phys. Rev. D21, 2940
(1980).
[9] D.M. Scott, Nucl. Phys. B171, 95 (1980).
[10] P. Goddard, J. Nuyts and D.I. Olive, Nucl. Phys. B125,
1 (1977).
